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Outline: 
Aspects of Geometry which have gone “beyond Euclid”

• Two topics which have played important role in 
development of mathematics

– Three famous Greek problems involving 
construction using compass and straight-edge.

– Euclid’s “Parallel Postulate”

• How these concepts and problems that arise in Euclid 
have evolved.

• Relevance to modern mathematics and also to 
physics.
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Euclid’s “Elements”
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Constructions with 
Ruler (“Straight-Edge” and Compass)
• To construct lengths, angles and geometric figures using 

only (unmarked) straight-edge and compass.

• Starting from given data, construct finite number of 
lines/circles using ruler and compass, obtaining new 
points of intersection, ending with a desired figure.
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Constructions with 
Ruler (“Straight-Edge” and Compass)

• Other problems that can be done with ruler and straight-
edge are drawing parallel lines, bisecting angles, 
constructing squares of area equal to (or twice the area 
of) a given polygon

• Historically, there were three problems that proved 
elusive to solution using compass and straight-edge…

• In fact, these problems puzzled mathematicians for 
thousands of years.
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Problem 1: Duplication of the Cube
• To construct a cube whose volume is twice the 

volume of a given cube, using only compass and 
straight-edge.

• The Plague and the Oracle at Delphi, the Altar to 
Apollo, and Plato…
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Problem 2: 
Trisection of an (Arbitrary) Angle

• Given an arbitrary angle in the plane, to construct 
(using only straight-edge and compass) a new angle 
one-third of the given angle.
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Problem 3: Squaring the Circle

• Given a circle in the plane, to construct (using only a 
compass and straight-edge) a square of area equal 
to the area of the enclosed by the circle.
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Related Problem
• Given an integer n , to construct a regular polygon 

with n sides.
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“Solving” the Three Problems

• The first and third problems date back to c. 450 BC
• Proved only in middle of 19th C (AD) that it is 

impossible to do first three constructions by straight-
edge and compass.

• As for fourth question: Greeks knew that this can be 
done for n = 3, 4, 5, 6, 15 (see that n = 7 missing)

• “It is harder to convince a squarer of a circle that the 
problem is impossible to solve, than to ‘solve’ the 
problem itself.”
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Contribution by Gauss
• The 19-year old Gauss proved that a 

regular 17-gon can be constructed by 
straight-edge and compass.

• This success motivated him to opt for 
a career in mathematics!

• It was only in the middle of the 19th C 
that the exact values of n for which a 
regular n-gon can be constructed by 
straight-edge and compass were 
determined.

The young Gauss

A regular 17-gon
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Relevance to Modern Mathematics

• In the process of construction, 
certain major theories which play an 
important role in present day 
mathematics were developed.

• Algebraic theory of fields, in 
particular, Galois theory.

• Theory of transcendental numbers…

Evariste Galois

Galois’ “last testament”
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Why this long delay?
• Long delay in solution to these problems.

• Lack of clear and tractable formulation of these 
problems.

• (This could also explain large numbers of wrong 
solutions proposed.)
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Geometry  Algebra

• Middle of 17th C: introduction of Cartesian 
coordinates, by Descartes and Fermat, in an 
algebraic language.

Descartes Fermat
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Geometry  Algebra
• Point in Euclidean plane represented by pair of real 

numbers (x,y).

• Figures in plane: algebraic relations between 
coordinates of points
e.g.,  ax2 + by2 + cxy + d = 0

px + qy + r = 0

• Problems of geometry transferred to algebra.

• Thus in our case, Descartes gave algebraic criterion 
for problem to be solvable, which I now proceed to 
describe…
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Descartes’ Formulation 
• Suppose we are give points (a1, b1), …, (an, bn) in the Cartesian 

plane, with ai, bi being rational numbers.
• (Recall a number is rational if it is of the form p/q, where p and q are 

integers,q  0.)
• Suppose a point (, ) in the plane can be constructed from the 

initial data {(ai, bi)} by means of ruler & compass.
• Then, Descartes gives a necessary and sufficient condition for  to 

be so obtained. 
• We will call such a number a “constructible”.
• A necessary condition is that  should be an algebraic number

i.e., it should satisfy an equation of the form

where a0, …, am are rational numbers
i.e.,  should be a root of a polynomial with rational coefficients.

0... 0
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Descartes’ Formulation Applied to 
Squaring the Circle

• Let us apply this to problem of squaring the circle.
• To find: a number ‘a’ such that 

a2 = 
(recall area A = r2, where r = radius)

• So a should be algebraic, by Descartes.
• It follows that  should be algebraic.
• But Lindemann proved in 1822 that  is not algebraic (the 

proof is not easy!)
• Thus squaring the circle is impossible.
• A number which is not algebraic is called transcendental.

?
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Descartes’ Formulation Applied to 
Duplication of the Cube

• Duplication of the cube is impossible by compass and 
straight-edge, because (2)1/3 is not constructible.
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Trisection of an Angle

• That 60o cannot be trisected by straight-edge and 
compass can be proved  by considering the cubic 
equation:

x3 - 3y - 1  =  0
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Euclid’s Parallel Postulate
• Given a line L in the plane and a point P not lying on the 

line, there exists a unique line through P not intersecting 
the line L.

• For more than 2000 years: attempts to deduce parallel 
postulate from other axioms of Euclid.

• Many attempts to prove by contradiction.
• e.g., Saccheri, Lambert, results in future non-Euclidean 

geometry.
• Existing preconceptions did not suggest that a geometry 

without parallel postulate is possible.

P

L
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Non-Euclidean Geometry
• Left to Lobachevsky & Bolyai (and Gauss!) to assert 

and construct such a geometry.
• Constructed a geometry in which through a point P not 

on a line L, there is an infinity of lines not intersecting L; 
“hyperbolic geometry”.

• Greeted by many as one of the greatest mathematical 
discoveries of the 19th C; “paradigm shift”.

Lobachevsky Bolyai
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Poincaré Model of 
Hyperbolic Geometry 

• Set of points in “plane” is interior of unit disc in usual 
Euclidean plane.

• Lines are arcs of circles perpendicular to unit circle 
and segments of lines through origin.

Poincaré
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Riemannian Geometry

• Scope of non-Euclidean Geometry
extended enormously by Riemann.

• Showed there are plenty of non-
Euclidean geometries.

• Famous paper: “On the hypotheses 
which lie at the bases of Geometry”
(influenced by work of Gauss on 2-D 
surfaces) introduced notions of 
– higher-dim spaces (manifolds), 
– measure (Riemannian metric)  
– curvature on such spacesRiemann
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Riemannian Geometry & Curvature

• Curvature in Euclidean space is zero; sum of three 
angles of triangle is .

• Curvature in Lobachevsky hyperbolic space is 
negative; sum of three angles of triangle is less than 
.



29

Geodesics
• One can define notion of length of curve in 

Riemannian space
• Curves of shortest length (geodesics) are analogues 

of straight lines.
• Curvature controls behaviour of geodesics.
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Implications for Physics

• Riemann’s theory proved to be the basis for the 
general relativity theory of Einstein.

• Riemann himself was aware of the relevance of his 
theory to physics.

Einstein
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